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Abstract
In the present paper, we investigate the required anisotropy of an exact regular Bardeen black
hole characterized by its mass M , the nonlinear parameter g, the quintessence field parameter a
in anti-de sitter spacetime with a static quintessence matter field. We also show that the relative
pressure anisotropy, equation of state and the pressure depends on radial coordinate, reflecting the
required anisotropy for Bardeen black hole in the quintessence background.
Next, we analyze the Joule-Thompson (JT ) expansion of the black hole spacetime. Treating the
cosmological constant as thermodynamic pressure P and its conjugate quantity as thermodynamic
volume V we derive the equation of state connecting Hawking temperature and various black hole
parameters. We study the JT expansion in the regular Bardeen AdS black holes in the quintessence
background through the analysis of inversion temperature and isenthalpic curves. We derive the
JT coefficient µ, and use them to plot the inversion and isenthalpic curves. We discuss the effect of
quintessence parameter a and ωq on the JT coefficient and inversion temperature, especially with
the case of ωq = −1 and ωq = −13 . Our analysis shows that quintessence dark energy affects the
inversion point (Ti, Pi) .
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I. INTRODUCTION
During the past three decades, the black hole phase transition in anti-de Sitter (AdS)
space got wide attention since the proposal Hawking-Page phase transition [1]. More re-
cently, identifying the negative cosmological constant as the pressure term and its conjugate
quantity with the volume gave us more physical insights into the thermodynamic properties
of black hole [2]. In this extended approach, the close resemblance between the black hole
phase transition and the van der Waal liquid-gas phase transition became apparent [3, 4].
Interestingly, the phase structure exhibited in the black holes is quite meaningful in the
view of AdS/CFT correspondence and in the context of the emergent gravity paradigm.
Realizing the connection to the quantum gravity theories in these phenomena, there has
been rapid progress in probing the van der Waals fluid-like behavior in various black holes.
An important feature of the black hole phase transition is that all four critical exponents
fall within the universality class. These developments lead to the new avenue in theoretical
physics called the black hole chemistry.
With these insights, most of the classical thermodynamic features of the real gas can be
attributed to AdS black holes. Concept of heat engine, Joule-Thomson expansion, Clausius-
Clapeyron relation, and Maxwell’s equal-area law are constructed for asymptotically AdS
black holes [5–7]. In this article we focus on the Joule-Thomson expansion in charged AdS
black holes, which is proposed by Okcu and Aydner [6]. Joule-Thomson effect or throttling
process happens in gas when it is allowed to move from the high-pressure region to the
low-pressure region without any change in enthalpy. In the extended approach to thermo-
dynamics the black hole mass is understood as the enthalpy. During the Joule Thomson
expansion the mass remains constant, so it is also called as isenthalpic process. This process
will result in heating or cooling in the final phase. The JT coefficient µ, the gradient of tem-
perature with pressure (µ = ∂T
∂P
) determines the temperature change in the final phase. The
conditions, µ > 0 implies a cooling and µ < 0 heating phases. These two curves, isenthalpic
(constant enthalpy) and inversion curves are used to study the JT expansion of the gas. The
point at which µ = 0, denotes the position of inversion points (Ti, Pi). The inversion points
distinguish heating and the cooling phases and the inversion curve is the locus of inversion
points for different isenthalpic curves. Following the work of Okcu and Aydner, there were
many studies on JT expansion in various black holes [8–28].
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The weak cosmic censorship hypothesis insists that the presence of singularity must be
hidden from the far observer by a membrane called the event horizon [29, 30]. All the
spacetime solutions for Einstein’s equations respect this conjecture. However, there are
black hole spacetimes without singularity at the origin and possessing an event horizon. In
regular black holes, the singularity at the origin is removed by a repulsive de-Sitter core.
For the first time , inspired by the works of Sakharov [31] and Gliner [32], Bardeen came up
with a regular black hole solution [33]. Following the idea of Bardeen, later several regular
solutions for Einstein’s equations coupled to nonlinear electrodynamic sources were found
[34–36]. The black hole thermodynamics of regular black holes are studied in detail by
several authors [37–42].
In recent times, the black holes with quintessence have attracted wide attention due
to the importance of quintessence in cosmology. The quintessence is one of the most im-
portant candidate to explain the accelerated expansion of the universe. The observational
cosmological data supports the equation of state pq = ωqρq, where the quintessence state
parameter varies as −1 < ωq < −1/3. The energy density for quintessence has the form
ρq = −a2
3ωq
r3(ωq+1)
, where a is normalization factor related to quintessence. The spherically
symmetric black hole solution with quintessence was first obtained by Kiselev [43]. Since
then there were several attempts to investigate the thermodynamics of the black holes with
quintessence [44–48]. We focus on the Joule-Thomson expansion of regular Bardeen black
hole with a quintessence.
The paper is organized as follows. In section II, we explain the action of regular Bardeen
black hole with quintessence. In the next section (III) we discuss the stress energy tensor
of regular Black hole. In section IV we discuss the phase transition of regular Bardeen AdS
black hole. In section V, we investigate Joule-Thomson expansion of the black hole. Finally,
we conclude the paper in section VI.
II. Regular Bardeen AdS black hole surrounded with quintessence
The action for regular black hole in AdS spacetime coupled with nonlinear electrodynam-
ics is given by [35],
S =
∫
d4x
√−g
(
1
16pi
R +
1
8pi
3
l2
− 1
4pi
L (F)
)
. (1)
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Where R is the Ricci scalar, l is the radius of the AdS space, and L (F) represents the
Lagrangian for a nonlinear electrodynamics source,
L (F) = 3M
β3
( √
4β2F
1 +
√
4β2F
)
. (2)
where F = FµνF µν , Fµν is the strength of the electromagnetic field, β is the magnetic
monopole charge . The solution for this action is given by [35]
ds2 = −
(
1− 2M(r)
r
+
r2
l2
)
dt2 +
dr2(
1− 2M(r)
r
+ r
2
l2
) + r2dθ2 + r2 sin2 θdφ2,
with M(r) = Mr3
(r2+β2)3/2
. The presence of quintessence throughout the universe makes it
important to probe its effects on the black holes. Kislev’s phenomenological model is used
to construct a regular-Bardeen black hole surrounded by quintessence. One can obtain the
metric with the effect of quintessence on regular Bardeen black hole by solving Einstein
equations. It is given by [49–52]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dθ2 + r2 sin2 θdφ2,
where
f (r) =
(
1− 2Mr
2
(β2 + r2)3/2
+
r2
l2
− a
r3ωq+1
)
, (3)
and ωq is the state parameter.
III. Stress-energy tensor for regular Bardeen quintessence black hole
Next, we calculate the stress-energy tensor for the regular Bardeen quintessence black
holes using the formalism of tetrads. The tetrads for the metric (3) are expressed as e
(a)
µ =
diag(
√
f(r), 1√
f(r)
, r, r sin θ). Using an orthonormal frame, we can easily calculate the stress-
energy tensor for the spacetime described by equation (3) as
Gtˆtˆ = −
3
8pi
(
aωq
r3(ωq+1)
− 2Mβ
2
(r2 + β2)5/2
)
= −Grˆrˆ,
Gθˆθˆ = −
3
16pi
(
aωq (1 + 3ωq)
r3(ωq+1)
− 2Mβ
2 (3r2 − 2β2)
(r2 + β2)7/2
)
= Gφˆφˆ. (4)
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Hence, we can write
ρ = −pr = − 3
8pi
(
aωq
r3(ωq+1)
− 2Mβ
2
(r2 + β2)5/2
)
,
pt = − 3
16pi
(
aωq (1 + 3ωq)
r3(ωq+1)
− 2Mβ
2 (3r2 − 2β2)
(r2 + β2)7/2
)
, (5)
where ρ and pr are, respectively, the energy density and the pressure in the radial direction
while pt is the tangential pressure of the total energy-momentum tensor of the regular
Bardeen black hole surrounded by a static quintessence field. The Eqs. (5) show that the
required anisotropy is restored in the expressions for ρ, pr and pt as pr 6= pt. This is not
isotropic, so it is not a perfect fluid. For the average pressure we have
p¯ = − 1
8pi
(
3aω2q
r3(ωq+1)
− 2Mβ
2 (2r2 − 3β2)
(r2 + β2)7/2
)
, (6)
along with this we can get the effective equation of state
ωeff =
− 3aω2q
r3(ωq+1)
+
2Mβ2(2r2−3β2)
(r2+β2)7/2
− 3aωq
r3(ωq+1)
+ 6Mβ
2
(r2+β2)5/2
. (7)
For the pressure ratio and relative pressure anisotropy we explicitly have
pt
pr
=
−aωq(1+3ωq)
r3(ωq+1)
+
2Mβ2(3r2−2β2)
(r2+β2)7/2
2aωq
r3(ωq+1)
− 4Mβ2
(r2+β2)5/2
,
δp =
9aωq(1+ωq)
r3(ωq+1)
− 15Mβ2r2
(r2+β2)7/2
− 3aω2q
r3(ωq+1)
+ 2Mβ
2(2r2−3β2)
(r2+β2)7/2
. (8)
The expressions for ωeff , pt/pr, and δp all have dependence on the radial coordinate, hence
does not correspond to the perfect fluid. However, for β = 0, our results go over to the
expressions for the anisotropic, and imperfect fluid quintessence black holes [53].
IV. Thermodynamics
One can obtain the mass of the black hole from the condition f(r+) = 0 at the event
horizon r+ as
M =
1
6
(
β2 + r2+
)3/2(3 (l2 + r2+)
r2+l
2
− 3a
r
3(wq+1)
+
)
. (9)
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When Λ is considered as thermodynamic pressure in the extended phase space (and the
conjugate quantity as volume) we have
P = − Λ
8pi
=
3
8pil2
. (10)
The presence of quintessence modifies the first law as
dM = TdS +Ψdβ + V dP +Ada. (11)
Where Ψ and A are the conjugate quantities corresopnds to the non-linear magnetic charge
β and quintessence parameter a respectively.
A =
(
∂M
∂a
)
S,β,P
= − 1
2r
3ωq
h
. (12)
The quintessence parameters A and a are playing the same role as pressure and volume in
the first law to make it consistent with the Smarr relation. From first law of thermodynamics
we calculate volume.
V =
(
∂M
∂P
)
S,β
=
4
3
pi
(
β2 + r2+
)3/2
, (13)
which clearly shows that it is not merely the geometric volume 4
3
pir3+.
The temperature of the black hole is given by
T =
κ
2pi
(14)
where κ is the surface gravity, which can be calculated from the first derivative of f(r) at
the horizon, κ = f ′(r+)/2. In our case we have,
T =
r
−3wq−2
+
(
3a
(
β2(wq + 1) + r
2
+wq
)
+ r
3wq+1
+
(−2β2 + 8piPr4+ + r2+))
4pi (β2 + r2+)
. (15)
From this one can obtain the equation of motion
P =
(
r
3wq+1
+
(
4pir+T (β
2 + r2+) + 2β
2 − r2+
)− 3a (β2(wq + 1) + r2+wq))
8pir
3wq+5
+
. (16)
The critical values are obtained from the conditions,(
∂P
∂r+
)
T
=
(
∂2P
∂r2+
)
T
= 0. (17)
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The critical values for ωq = −1 are,
rc =
√
1
2
(√
273 + 15
)
β, Tc = −(
√
273−17)
√
1
2(
√
273+15)
24piβ
, Pc =
27(5
√
273+83)aβ2+
√
273+27
12(
√
273+15)
2
piβ2
.
(18)
And similarly for ωq = −1/3 we have,
rc =
√
1
2
(√
273 + 15
)
β, Tc =
(
√
273−17)
√
1
2(
√
273+15)(a−1)
24piβ
, Pc = − (
√
273+27)(a−1)
12(
√
273+15)
2
piβ2
. (19)
It is clear that the critical parameters depends on the quintessence parameters.
V. Joule Thomson expansion
Joule Thomson expansion in thermodynamics is an irreversible process, which explains
the temperature change of a gas when it is passing through a porous plug from high pres-
sure region to low pressure region. Enthalpy of the system remains constant during this
expansion. The set of values (T, P ) throughout the process with the constraint of constant
enthalpy defines the isenthalpic curve. The expression for Joule Thomson coefficient (slope
of the isenthalpic curve) is given by,
µj =
(
∂T
∂P
)
H
. (20)
The sign of this coefficient tells about the cooling and heating phases. During the expansion
pressure always decreases. The coefficient of Joule Thomson expansion can also be written
as,
µj =
(
∂T
∂P
)
M
=
1
CP
[
T
(
∂V
∂T
)
P
− V
]
. (21)
From this one can get the inversion temperature by setting µj = 0,
Ti = V
(
∂T
∂V
)
P
. (22)
This is at the maxima of the isenthaplic curve, with the corresponding inversion pressure.
The point defined by inversion temperature and inversion pressure is called inversion point.
The Joule Thomson expansion is also studied in AdS black hole [54] with the same
definitions of isenthalpic curve and inversion temperature. This is evident from the similarity
between the van der Waals system and black hole system in the extended phase space. The
8
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Figure 1: Inversion curve for different values of β.
pressure P and temperature T of the regular Bardeen black hole with quintessence in terms
of M and r+ are,
P (M, r+) =
3
(
ar
−3wq−1
+ +
2Mr2+
(β2+r2+)
3/2 − 1
)
8pir2+
, (23)
and
T (M, r+) =
3a(wq + 1)r
−3wq
+ +
6Mr5+
(β2+r2+)
5/2 − 2r+
4pir2+
. (24)
Using the above equations (23) and (24), we plot the isenthalpic curves for the regular
Bardeen black hole.
The Joule Thomson coefficient for the black hole under consideration is,
µj =
2r(3a(β4(3w2q+5wq+2)+r4wq(3wq+5)+β2r2(6w2q+10wq+7))+r3wq+1(−2β4+16piPr6+r4(4−24piβ2P)−13β2r2))
3(β2+r2)(3a(β2(wq+1)+r2wq)+r3wq+1(−2β2+8piPr4+r2)) .
(25)
And by setting µj = 0 the inversion temperature is,
Ti =
r
−3wq−4
+
(
r
3wq+1
+ (2β4+β2r2+(24piPr2++7)+r4+(8piPr2+−1))−3a(β4(3w2q+5wq+2)+β2r2+(6w2q+7wq+4)+r4+wq(3wq+2))
)
12pi(β2+r2+)
.
(26)
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Figure 2: Inversion curve for different values of quintessence parameters ωq and a.
Setting µj = 0 in equation (25) we solve for r+. From that choosing an appropriate root
and substituting in equation (15) we plot the inversion curve in the T − P plane, which is
shown in the figure 1 and 2.
We have studied the inversion curves for different values of monopole charge β in figure 1.
In all the four plots the position of inversion point (Ti, Pi) shifts to higher values with increase
in charge β. The effect of quintessence parameters ωq and a are explicitly depicted in figure
2. In the figures 2(a) and 2(b) we plotted inversion curves with different quintessence state
parameters, shows that increase of wq from −1 to −1/3 increases the inversion temperature.
They also show that the separation between the inversion curves for different values of ωq
depends on a. In the second set in figure 2 (the curves 2(c) and 2(d)), we have plotted the
inversion curves by varying the quintessence normalization constant a. These plots show
a minor decrease in the inversion points with increase in a. In summary, the slope of the
inversion curve increases sharply for the change in charge of β. But the same is not observed
for the change in quintessence parameters wq and a. The slope of the inversion curve remains
same in this case.
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The isenthalpic (constant mass) curves are also studied for the JT expansion. We plot the
isenthalpic curves on the T − P plane for fixed values of enthalpy (mass). The intersection
point of the inversion curve and isenthalpic curve (µ = 0) separates the cooling and heating
phases. And that happens at maxima of isenthalps. The figure 3 and 4 shows that the
inversion point and isenthalpic curve depend significantly on the mass (enthalpy) of the black
hole. With the increase of mass, the inversion temperature Ti and pressure Pi increases.
We show the effect of quintessence parameters (ωq and a) and charge β in four set of
figures (set 1: figure 3(a)-3(d), set 2: figure 3(e)-3(h), set 3: figure 4(a)-4(d), set 4: figure
4(e)-4(h)). In all the four sets we observe that the height of the isenthalpic curve and the
value of inversion temperature reduces with increase in charge β. Comparing set 1 with 2
and 3 with 4 we see that, for an increase in quintessence state parameter wq from −1 to −1/3
there is a slight increase in the constant enthalpy curves and in the inversion temperature.
The effect of quintessence normalization factor a can be seen by comparing figure 3 with 4.
An increase in the value a also increases the height of isenthalpic curves and the inversion
temperature. A notable point here is that the isenthalpic curve for a = 1, ωq = −1/3 case
shows a deviation in shape from a usual semicircle to a more concave form. This results in
the shift of inversion pressure to lower values. These results are consistent with the earlier
findings that, the thermodynamics of the black hole is affected by the quintessence field.
In fact the JT expansion is an inherent feature of van der Waals fluid. And therefore the
changes in thermodynamic properties and JT expansion are correlated.
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Figure 3: Isenthalpic curves for different values of mass. The varition with respect to ωq for a fixed
a = 1/4.
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Figure 4: Isenthalpic curves for different values of mass. The varition with respect to ωq for a fixed
a = 1.
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VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we have studied the Joule-Thomson expansion of regular Bardeen AdS
black hole surrounded by static anisotropic quintessence field. The key feature that leads
to JT expansion in the black hole is, the identification of cosmological constant as pressure
which enables us to redefine the black hole mass as the enthalpy. We have calculated an
exact expression for the JT coefficient (µ) which depends on the quintessence parameters
ωq and a. Furthermore, we investigated the JT expansion intuitively by using the inversion
and isenthalpic curves in the T −P plane. The inversion curve divides the isenthalpic curves
in the T −P plane into two regions. The upper region leads to cooling and the lower region
results in heating, in the final state of the JT expansion. Nevertheless, the slope of the
inversion curve always remains positive.
We have studied the isenthalpic curves and the inversion curves for different values of
enthalpy (mass), charge β and quintessence parameters (a, wq), separately. The constant
enthalpy curves show that the inversion temperature Ti increases for the larger enthalpy
and reduces with increase in the charge β. It is observed that the slope of inversion curves
increases with the charge β. However the quintessence dark energy affects the inversion
and isenthalpic curves significantly, which is an interesting result from our study. Both the
quintessence parameters influences the JT expansion in same manner. Increase in the value
of both ωq and a increases the height of isenthalpic curves and the inversion temperature.
This is the effect of static anisotropic quintessence field on the JT expansion.
This result is interesting because, the thermodynamics of black holes with quintessence
depends on their quintessence parameters. Dependence of JT expansion on these parameters
is intriguing as the quintessence plays the role of dark energy in many cosmological models.
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